The dynamic stress intensity factors are derived for an internal longitudinal semi-elliptical crack in a thick-walled cylinder subjected to transient dynamic stresses. First, the problem of dynamic elasticity in a thick-walled cylinder is solved analytically using the finite Hankel transform. Transient pressure is assumed to act on the inner and outer surfaces of the cylinder. Then, a three-dimensional finite element method is used to calculate accurate weight functions for semi-elliptical surface crack in the cylinder. Finally, the dynamic stress intensity factors are extracted for both the deepest and surface points of the semi-elliptical crack using the weight function method. An effective and accurate process of computing closed-form stress intensity factors is employed which can be used for any kind of boundary conditions. It is shown that for narrow cracks, the deepest point is always the starting point of any problem crack propagation. However, for cracks with high aspect ratios, the critical point of the crack front displaces between the deepest to the surface point in different instants of time.
Introduction
More real structural elements contain crack-like defects located in the most critical area of the component in the most unfavorable orientation. When a cracked cylinder is subjected to dynamic loading, it is important to determine the corresponding stress intensity factor as a first step towards fracture prediction. Practical aspects of the problem involve actual structures subjected to transient dynamic loading. Lin and Smith (1998) have obtained that during crack growth, initially irregular crack front will rapidly become approximately semi-elliptical, so the geometrical shape of a surface defect can conform to elliptical geometry.
Based on the elastic analysis, Sheng (1965) analyzed elastic flexural displacements and stresses of a simply supported, thin circular cylindrical shell of finite length subjected to transient surface loading using Williams' method. Suzuki (1988) has carried out stress analysis for a finite cylinder subjected to arbitrary distributed axisymmetrical surface loads using the variational principle of complementary energy. Okumura (1989) used the generalized Elliott's function for stress analysis of a transversely isotropic, short hollow cylinder under an outer band load. Wang and Gong (1991) analyzed a dynamic solution of hollow cylinders with homogeneous boundary conditions by utilizing the finite Hankel transform and Laplace transform. Yin and Yue (2002) presented the transient response of a multilayered cylinder subjected to uniformly distributed dynamic pressures at the boundaries, using the expansion of transient wave functions in a series of eigenfunctions. Leishear (2007) used a finite element analysis to determine the three-dimensional dynamic stresses for modeling a moving shock wave in a pipe.
The evolution of the stress intensity factor in cracked cylinders addresses in some references. Atluri and Kathiresan (1979) determined the stress intensity factors for external and internal pressurized surface cracks in a long cylinder using a threedimensional hybrid finite element method. Tan and Fenner (1980) analyzed an internally pressurized thick-walled cylinder with a semi-elliptical crack using the boundary integral equation method. Newman and Raju (1980; calculated the stress intensity factors for semi-elliptical surface crack in cylindrical pressure vessels by a three-dimensional finite element method. They employed different kinds of stress distribution on the crack surfaces in their papers. Sekine and Koizumi (1982) used the plane deformation theory of elasticity to obtain the stress intensity factors for an arbitrarily oriented line crack embedded in a pressurized thick-walled cylinder. The analysis is based on the dislocation method. Chen et al. (1995) solved the surface crack problem in a cylinder subjected to internal pressure using the body force method. A hybrid boundary element method was used by Guozhong et al. (1995a,b) for calculation of the stress intensity factor of surface cracks in finite thickness plates and cylinders. Wang (1995) computed dynamic stress intensity factors of different kinds of dynamic inner pressures in a thick walled cylinder. The finite element method was used for calculating dynamic stress intensity factors. The stress intensity factor of semi-elliptical axial cracks lying at the surface of hollow cylinders under non-uniform stress gradient at the crack face has been determined by Zheng et al. (1995) using the weight function method. Shahani and Nabavi (2005; 2006; 2007) have solved the mechanical and thermal stress intensity factors for both the deepest and the surface points of the semi-elliptical crack using the weight function method. Hachi et al. (2005) proposed a hybrid weight function technique for computation of the stress intensity factors of an elliptical crack in an infinite body and semi-elliptical cracks in thin and thick cylinders. The method consists of dividing the ellipse into two zones and then using the proper weight function in each area where it is more efficient. Shlyannikov (2000) simulated the fatigue crack shape through a theoretical model for part-through cracks in a hollow cylinder under cyclic pressure and the propagation path of the surface flaw was obtained as a diagram. Kamaya and Nishioka (2005) developed an analysis system using the finite element alternating method for evaluating the stress intensity factors of surface cracks in a cylinder. Chen et al. (2009) evaluated dynamic stress intensity factors for thick-walled cylinder with a radial edge crack under internal impulsive pressure using the weight function method.
In this paper the dynamic elasticity problem in a thick-walled cylinder is solved analytically. A closed-form solution for the axisymmetric elastodynamic problem with given boundary and initial conditions is obtained. Time-dependent general boundary conditions are assumed to act on the inner and outer surfaces of the cylinder. Finite Hankel transform is employed for the problem. In the special case, exponentially decaying applied pressure is considered on the inner surface of the cylinder and analytical relations are extracted for the radial displacement and hoop stress distribution. Then, three-dimensional finite elements were used to discrtize the cylinder containing an internal longitudinal semi-elliptical crack ( Figure 1 ) and then, to determine an accurate weight function for the deepest and the surface points of the crack. Comparison of the results in the special case of a statically pressurized cylinder with those cited in the literature, shows that better accuracy has been achieved. As a result of these comparisons, the present weight functions have been considered more suitable for the analysis of the cracked cylinder. The dynamic stress field is very complex and analytical integration is impossible. Also, standard numerical integration methods are inaccurate due to the singularity of the weight function at the crack tip. Therefore, a useful relation has been derived based on piece-wise curve fitting on the stress from which, the stress intensity factors for both the deepest and surface points of the threedimensional crack have been obtained at each instant of time. Exact analytical solutions for the weight function integral are obtained over discrete intervals, and then summed to compute the dynamic stress intensity factors. It is seen that this method and the process of computing stress intensity factors are simple, effective and accurate. Finally, dynamic stress intensity factors are calculated at the deepest and the surface points of an internal axial semi-elliptical surface crack in a thick-walled cylinder. It is shown that the stress intensity factors oscillate around the steady state solution. 
Statement of the problem
Consider the axisymmetric problem of a hollow circular cylinder subjected to transient pressure on the inner and outer surfaces. Let i R and o R denote the inner and outer radii of the cylinder, respectively. The cylinder is made of a homogeneous isotropic material and is long enough in the axial direction such that the assumption of the plane strain condition satisfies. Hence, the only non-zero component of the displacement field is the radial one which is a function of radial coordinate and time; ) , ( t r u u = . The equations of motion in the absence of body force reduce to the single equation: In which ρ is the density, v the Poisson's ratio and µ the shear modulus of the material of the cylinder. The non-vanishing stress components are r σ and θ σ which are related to the displacement component as follows:
It is assumed that the inner and outer surfaces of the cylinder are subjected to arbitrary transient pressure, i.e.:
are known functions of time representing the transient surface traction on the surfaces of the cylinder. The initial conditions of the cylinder are:
Mathematical method of solution
Noting the governing differential equation of the problem, Eq. (1-a), it is seen that it contains a linear operator L of the form f r r f r r r Lf
Therefore, the solution of the problem may be accomplished using the finite Hankel transform, defined by the following relation (Sneddon, 1972) 
where n λ is the transform parameter and ) , ( n r K λ is the kernel of the transformation. The inverse transform is defined as (Sneddon, 1972) 
where
The choice of a proper kernel depends on the form of the governing differential equation and boundary conditions of the problem. With the given form of Lf (Eq. (5)), the kernel of the transformation appears as (Sneddon, 1972) 
If the boundary conditions of the problem are defined by the linear operators M and N as: 
Applying the finite Hankel transform (6) to the linear operator (5) and twice integrating by part,
, though the use of (2), with (10) it is concluded that the conditions (11) can be written for this problem as
The corresponding kernel of the Hankel transform may then be obtained, using Eqs. (9) and (13-a), as follows
The characteristic values, n λ , depend on the form of boundary conditions (Eqs. (9) and (13-b)) which are the n-th positive roots of the transcendental equation:
Comparing the Eq. (5) with Eq. (1-a), it is concluded that f u = . So, by applying the Hankel transform (6) with the kernel (14) on Eq. (1-a) and using Eq. (12), yield
On the other hand, using Eqs (13) it is concluded after some mathematical manipulations:
Also, using the properties of the Bessel functions, the following identity holds true (Spiegel, 1990 )
Applying the boundary conditions (3) on Eq. (16) and substituting Eqs. (18) and (19) into the right hand side of (16), result in
The solution of Eq. (20) may be obtained, by applying the initial conditions (4), as
Now, applying the inverse transform (7), with (Sneddon, 1972) 
in which (Sneddon, 1972) 
the dynamic displacement field in the cylinder will be obtained as follows
Applying Eq. (2-b), the hoop stress component can be derived as follows
In the special case of exponentially decaying applied pressure on the inner surface of the cylinder and constant pressure on the outer one, we have
P and ω are known constants. Substituting the above boundary condition into Eqs. (24), (25), the closed form relations for the radial displacement and hoop stress fields will be obtained as follows
Determination of weight functions

Finite element modeling
Three-dimensional finite elements were used to model the symmetric quarter of the cylinder containing an internal semi-elliptical crack (Figure 2-c) . The finite element model is extracted by employing 20-node isoparametric brick elements in the ANSYS 11.0 standard code (2007). The square-root singularity of the stresses and strains is modeled by shifting the mid-point nodes to the quarter-point locations in the region around the crack front. The crack front region has been constructed by swiping an auxiliary area around the crack front line, as shown in Figure 2 -a. Then, the created volume, which may be regarded as crack tunnel, is meshed using singular finite elements around the crack front and non-singular finite elements in the remaining part of the crack tunnel (Figure 2 -b) . After this stage, the cross-section of the cylinder on the cracked plane has been meshed and swept to create a 180 degrees model (Figure 2-c) . As can be seen from Figure ( 2), the fine mesh is used in the vicinity of the crack tip and larger elements are used away from the crack tip. In the direction along the length of the cylinder, the mesh was graded to be fine near the crack front and coarse away from the crack front. For each value of crack geometry and cylinder length, the stress intensity factor may be obtained as a function of the displacements, as follow (Bank-Sills, 1991):
where ν κ 4 3 − = for plane strain and ν ν κ
for plane stress, and ) (r δ is the displacement normal to the crack plane at a distance from the crack tip which is computed along a line perpendicular to the crack front at each point.
The analyses on which the concept of stress intensity factor is based include the implicit assumption that the crack front is continuous. This is not the case at the corner point where a crack front intersects a free surface (Pook, 1994) . The power of the crack tip singularity changes in the vicinity of a corner point, and it is only possible to define stress intensity factors in an asymptotic sense. It has been shown through energy considerations that the order of the stress singularity at these points depends on the material property (Poisson ratio) and the intersection angle (Pook (2000) ). It is emphasized that the stress intensity factor can be considered only as an average quantity associated with the boundary layer near the surface point.
The Weight function method background
The weight function concept was introduced by Bueckner (1970) , which serves as a Green's function for the linear elastic fracture mechanics (LEFM) at Mode I. Subsequently, Rice (1972) showed that weight functions could be determined by differentiating known elastic displacement field solutions with respect to crack length. An important feature of the weight function is that it depends only on the geometry of the body and the crack, being independent on the loading. Once the weight function for a given cracked body is known, the stress intensity factor for any loading system applied to the same cracked body can be calculated directly by:
where ) (r σ is the stress distribution across the plane of the crack in the uncracked body and
is the weight function defined by:
in which H is a material constant, a is the crack length and ) , ( x a v is the crack opening displacement. The weight function method, proposed by Bueckner (1970) and Rice (1972) for straight-through cracks, has been used also to estimate stress intensity factors for three-dimensional crack problems. Glinka and Shen (1991) have generated approximate weight functions in general form for semi-elliptical surface cracks in cylinders. The accuracy of this approach is depends on the reference load system applying to a cracked body to derive its coefficients.
Weight function for the deepest and surface points
It is important to note that the weight function is valid for one-dimensional stress distributions, which are functions of only one coordinate ) (r . For the deepest point of an internal semi-elliptical surface crack the weight function is given as (Zheng et al., 1995) 
where the crack tip is at a R r i + = , and the constants Ai M can be derived using two reference stress intensity factor solutions and a third condition. The third condition for the deepest point is that the second derivative of the weight function is zero at i R r = (Fett et al., 1987) . For the surface point of the semi-elliptical crack the weight function can be written as (Zheng et al., 1995) )
where the crack tip is at a R r i + = , and the constants Bi M can similarly be derived using two reference stress intensity factor solutions and a third condition (Fett et al., 1987) . The third condition for the surface point is that the weight function is equal to zero at a R r i + = . Note that the singularity at the corner points of the semi-elliptical crack, in spite of other points on the crack front, deviates from the familiar square root singularity. But this is restricted to a small region around the surface points and the weight function leads to acceptable results for the stress intensity factor near the corner points. In order to calculate the stress intensity factors, it is necessary to determine the parameters Ai M and Bi M in the weight functions. The parameters Ai M and Bi M can be derived using two reference stress intensity factors and some properties of the weight functions for each point. The two reference stress intensity factor solutions used to derive the weight functions are constant and linear stress distributions as follows (Zheng et al., 1995) : The stress intensity factors for the two reference stress distributions in a thick-walled cylinder with 25
, have been given for the deepest and surface points of the crack as follows (Zheng et al., 1995) :
where 0 Y and 1 Y are boundary correction factors at the deepest point and Q is a semi-elliptical crack shape factor, approximated with the formula:
( 3 7 ) The stress intensity factors corresponding to the surface points of the crack for the two above-mentioned reference stresses are as follows (Zheng et al., 1995) :
where 0 F and 1 F are boundary correction factors at the surface point. Substituting Eqs. (35) and (36) 
Calculation of dynamic stress intensity factors
In the case of a continuously distributed stress field which is a function of coordinate r only, the transient thermal stress intensity factors can be extracted in closed-form, for both the deepest and the surface points of an internal longitudinal pressurized crack by the integration of the following formulas:
Here the difficulty in using Eq. (47) is that the integration cannot be carried out analytically due to the complexity of the mathematical form of the tangential stress distribution )) , ( ( t r θ σ in Eq. (29). Some numerical integration methods were introduced by Moftakhar and Glinka (1992) and Kiciak (2003) . In this paper an efficient integration technique is employed which is based on curve fitting on the hoop stress. In order to achieve to the best fitted curve, the hoop stress curve is divided to n portions at each time. Then, n second order polynomials are used to approximate the hoop stress in each portion at that time. Therefore, it is very convenient to approximate the stress distribution as a series of second order polynomials. Thus, the contribution to the stress intensity factor associated with the stress in the segment i can be calculated from Eq. (29). The approximation of the stress distribution with a second order polynomial can be given in the form of the following quadratic equation in i th segment
R is the inner radius of the cylinder and η ζ − is the length of i th segment in the r direction. After substituting appropriate expressions for the hoop stress in each segment, the closed form expressions resulting from the integration of Eq. (47) are obtained. The solutions given below have been derived for the deepest and the surface points of the semi-elliptical crack using the weight functions (33) and (34), respectively. 
The first of equations (49) and (51) Most practical stress distributions can be superimposed by simple basic distributions. Thus, the applied stress acting on the surface flaw can be represented by this method and the stress intensity factor solution can be formulated in terms of some second order approximation segments which are fitted to stress distribution. The solution for stress intensity factor follows a series summation without any limitations. In this way, nonlinear stress variations can be assessed in the calculations by fitting more segments to achieve the best curve fitting without any effects on the accuracy of the solution.
Results and Discussion
The ratio of external to internal radii of the cylinder is 27-a) ) at the inner surface of the cylinder was illustrated in Figure 3 . As shown in Figure 3 , the internal pressure varies with time and after about one minute the internal pressure decreases from its maximum ) ( i P to zero.
The response to the exponential pressure loading, i.e., the dynamic hoop stress distribution along the radius of the uncracked cylinder at different instants of time is plotted in Figure 4 . It is seen that the inertia term in dynamic elasticity equation influences the distribution of the dynamic stress in a manner that it possesses oscillatory behavior about the steady state solution (which corresponds to the case of neglecting the inertia term in elasticity equation) and it is not damped at all. It can be found that the boundary surface of the cylinder can reflect, scatter and refract the elastic waves, consequently resulting in the dynamic hoop stress varying with time periodically and oscillating around the value of the corresponding static hoop stress. In other words, the general feature of the dynamic circumferential stress is that it rises with time, reaching a peak and then decreasing in magnitude oscillating about its corresponding value under static loading. The static values may be found from the work of Timoshenko and Goodier (1987) . For the purpose of verification of the results, the extracted stress intensity factors have been compared with the results of finite element analysis and also with the published data in the literature when the cylinder is subjected to internal pressure. Two reference stress intensity factors were obtained by curve fitting for constant or linear stress distributions. The choice of functions is similar to that used in Zheng et al. (1995) and the curve fit is based on finite element data. In order to keep good accuracy while using reasonable computer resources all elements shape and aspect ratio for all meshes were checked to be converged. As a result of these trials it is anticipated that the level of error will be less than 2%. The stress intensity factors are computed both with the weight function extracted in the present work and that of Zheng et al. (1995) . The results of this assessment are indicated in tables 1 and 2. It is observed that better accuracy has been achieved in the present work. As a result of these comparisons, the present weight functions were considered more suitable for the analysis of the cracked cylinder. In order to evaluate the safety of the pressure vessel it is necessary to understand the histories of stress intensity factor distributions at the deepest and the surface points which will also be influenced by dynamic stress conditions. The non- (Figures 5, 6, 9, 10) while at some other instants because of the compressive nature of the resulting hoop stress in the cylinder thickness, the stress intensity factors are negative which means the so-called crack closure (e. g., Figures 7, 8) . Dynamic loading of the cylinder causes a fluctuating behavior of the stress intensity factors at the deepest and the surface points of the crack. In both, the opening and closure modes, the behaviors of crack are similar. On the other hand, the absolute value of the stress intensity factor decreases at the deepest point as the aspect ratio increases in each times and for all crack relative depths; while it increases at the surface point with the increase in crack aspect ratio. It is worth mentioning that both for the deepest and surface points of the crack, the stress intensity factor increases as the crack becomes deeper (greater w a / ) in different instants of time, this does not hold true at greater aspect ratios for the deepest point. For example as it may be seen from Figures 5, 7, and 9 for the deepest point, in narrow cracks (cracks with small c a / values), the crack depth affects much more on the stress intensity factor and deeper cracks (high w a / values) always possess the greatest values of the stress intensity factor and hence, is always the starting point of any problem crack propagation. However, the effect of the crack depth becomes smaller in large aspect ratios (for example 7 . 0 / > c a ) but it has still noticeable effect on the stress intensity factor variations.
On the other hand, Figures 11-13 show that for small depth cracks (small w a / values as shown in Figure 11 ) the deepest point of the crack is less sensitive to the variations of the crack aspect ratio in different times. In other words, variations of the aspect ratio of the crack do not affect so much on the stress intensity factor of the deepest point. However, in deep cracks ( Figure 13 ) the surface points are less sensitive to the variations of the aspect ratio in different instants of time.
Another important conclusion can be drawn noting the Figures 11 through 13 which is of practical interest. In narrow cracks (small aspect ratios), the deepest point is the critical point of the stress intensity factor for all relative depths and instants of time and any probable crack propagation starts from the deepest point. For circular cracks ) 1 / ( = c a , the surface points always (for all relative depths and at each time) have the maximum stress intensity factor and are the points of any probable crack extension.
When the hoop stress is positive and opening mode happens in the crack, in some crack geometries the critical point on the crack front is displaced from the deepest to the corner points. This phenomenon may be referred to as 'transition'. The hoop stress oscillates between the compressive and tensile values and as a result when the cylinder is under the negative hoop stress the transition phenomena disappears since both points are in closure mode. Because of oscillating the hoop stress distribution, the transition aspect ratio fluctuates. According to the above-mentioned, it can be found that the boundary surface of the cylinder can reflect the elastic waves, resulting in periodically changing values of the dynamic stress intensity factors. 
Conclusions
The dynamic stress intensity factors are derived for an internal longitudinal semi-elliptical crack in a thick-walled cylinder subjected to transient dynamic stresses. The dynamic elasticity problem in an uncracked thick-walled cylinder under internal transient pressure is solved analytically using the finite Hankel transform. The history and distribution of dynamic stresses in thick-walled cylinders are derived in terms of Bessel series. Then, a three-dimensional finite element method is employed to calculate accurate weight functions for the deepest and the surface points of semi-elliptical surface crack in the cylinder. A useful relation has been derived based on piece-wise curve fitting on the stress from which, the stress intensity factors for both points of the three-dimensional crack have been obtained at each instant of time. Exact analytical solutions for the weight function integral are obtained over discrete intervals, and then summed to compute the dynamic stress intensity factors. The main results of this parametric analysis can be summarized as follows:
• Dynamic loading of the cylinder causes a fluctuating behavior of the stress intensity factors at the deepest and the surface points of the crack.
• At some instants of time the deepest and surface points of the crack experience positive stress intensity factors while at some other instants they lie in closure mode.
• The absolute value of the stress intensity factor decreases at the deepest point as the aspect ratio increases in each times and for all crack relative depths.
• The absolute value of the stress intensity factor increases at the surface point with the increase in crack aspect ratio.
• The stress intensity factor at the surface point of the crack increases as the crack becomes deeper (greater w a / ) in different instants of time.
• In narrow cracks (small aspect ratios), the deepest point is the critical point of the stress intensity factor for all relative depths and instants of time and any probable crack propagation starts from the deepest point.
• For circular cracks ) 1 / ( = c a , the surface point always has the maximum stress intensity factor for all relative depths and at any time and is the point of any probable crack extension.
• The deepest point of small depth cracks is less sensitive to the variations of the crack aspect ratio in different times and variations of the aspect ratio of the crack do not affect so much on the stress intensity factor of the deepest point.
• The surface points of deep cracks are less sensitive to the variations of the aspect ratio in different instants of time. 
